We discuss the impact of the two-loop corrections to the Higgs mass in the NMSSM beyond O(α S (α b +α t )).
I. INTRODUCTION
The discovery of the Higgs boson at the Large Hadron Collider (LHC) has completed the standard model (SM) of particle physics [1, 2] . However, there are some hints that the SM cannot be the final theory for particle physics: it does not provide a dark matter candidate, cannot explain the observed baryon asymmetry or neutrino masses, and suffers from the hierarchy problem. There are different options to solve all of these problems. Supersymmetry (SUSY) is still the most popular among them, see Ref. [3, 4] and references therein. In the past the focus has mostly been on the minimal supersymmetric standard model (MSSM) but recently the interest in non-minimal SUSY models has grown, mainly for two reasons: (i) no hints for SUSY particles have so far been detected at the LHC; (ii) the observed Higgs mass of m h 125 GeV is rather close to the upper limit of 132 GeV possible in the MSSM for moderate SUSY masses including three-loop corrections [5, 6] . Together these lead to the question of how natural the MSSM is. The situation becomes significantly improved if a singlet superfield is added to the particle content of the MSSM: the interactions with the singlet can give a push to the Higgs mass at tree-level [7, 8] which reduces the necessary fine-tuning significantly [9] [10] [11] [12] [13] [14] . The NMSSM has a rich collider phenomenology [15] and it has been shown recently that light singlinos could help to hide SUSY at the LHC [16] . The most studied singlet extension is the next-to-minimal supersymmetric standard model [7] which introduces a Z 3 to forbid all dimensionful parameters in the superpotential.
To confront the NMSSM with the measured Higgs mass a precise calculation is necessary.
Therefore, much effort has been expended on a full one-loop calculation in the DR -scheme [17, 18] as well as different on-shell schemes [19, 20] . At the two-loop level the dominant α S (α b + α t ) have been available for a few years [17] , but two-loop corrections involving only superpotential couplings such as Yukawa and singlet interactions have not been available so far. Up until now the stateof-the art codes to calculate the Higgs mass written specifically for the NMSSM are NMSPEC [21] and Next-to-Minimal SOFTSUSY [22] [23] [24] , which use the known MSSM (α b + α t + α τ ) 2 corrections.
However, in Ref. [25] an extension of the Mathematica package SARAH [26] [27] [28] [29] [30] has been presented which can write a two-loop calculation for SPheno [31, 32] of CP-even Higgs masses in models beyond the MSSM with a similar precision as known for the MSSM [33] [34] [35] [36] [37] . To be more precise, a lot of effort has been (and will be) made to take the Higgs mass precision in the MSSM beyond the effective potential [38] [39] [40] [41] , including RGE improvement and diagrammatic calculations. Advanced techniques are implemented in FeynHiggs [42] [43] [44] [45] .
This calculation is based on the effective potential approach and uses generic results presented in Ref. [46] . In this work we discuss the importance of these 'full' two-loop calculations in the NMSSM, pointing out when it is not sufficient to use the known MSSM corrections. As explained later the calculation performed by SPheno/SARAH does not include corrections stemming from g 1 and g 2 but we will denote them nevertheless by 'full' for brevity since all corrections stemming from superpotential parameters are included. This corresponds to the precision of state of the art calculations widely used in the MSSM, with the possible exception of corrections to the mass of the Z boson which feed into the determination of the electroweak scale.
We proceed as follows: in sec. II we fix our conventions and present details of the two-loop mass calculation. In sec. III we show the numerical impact of the full two-loop calculation before we conclude in sec. IV. The reader may refer to the appendix for some details of the calculation of the tree and one-loop Higgs mass matrices in our conventions; in particular, we describe there the treatment of the would-be Goldstone bosons, which provide some technical challenges for the calculation of the Higgs mass in the effective potential approach.
II. CALCULATION OF THE TWO-LOOP HIGGS MASSES IN THE NMSSM
In this section we fix our notation and discuss the procedure for the calculations of the Higgs masses at two loops. Note that we shall focus throughout on the 'NMSSM' as the theory invariant under a Z 3 -symmetry, referring only briefly to more general variants.
A. Superpotential and soft SUSY breaking terms of the NMSSM In the NMSSM, the particle content of the MSSM is extended by a gauge singlet superfieldŜ.
We are using in the following the convention that all superfields are denoted by a 'hat', the SUSY partners carry a 'tilde' and the SM fields come without any decoration. All interactions in the After electroweak symmetry breaking (EWSB), the singlet is split into its CP even and odd component as well as a vacuum expectation value (VEV), just like the neutral parts of the Higgs doublets:
We choose a phase convention such that all VEVs are real. The VEV of the singlet triggers effective µ-and Bµ-terms
We shall treat µ eff as an input parameter from which we extract v s . The tree-level mass matrices for the neutral scalars and pseudoscalars are given in our notation in the appendix (eqs. (A7,A10), and the tadpole equations are given in equations (A2 -A4). Throughout we shall make the choice of solving the three equations for m 2
, m 2 Hu and m 2 S , leaving the input parameters to be
in addition to the parameters of the MSSM. It will sometimes be convenient in the following to define
We shall distinguish between two regimes of principal interest for the model: ones with a "heavy" singlet and ones with a "light" singlet, by which we mean respectively a singlet heavier than the standard-model-like Higgs, and of comparable or smaller mass.
B. Two-loop self-energies
The calculation of the two-loop self-energies is performed with the public tools SARAH and SPheno. The method applied by these tools is the one presented in Ref. [47] : the effective potential is calculated at the two-loop level using the generic expressions of Ref. [46] . The tadpole contributions and self-energies are calculated by taking the first and second derivative of the two-loop
with i = d, u, s. We give details of the tree-level mass matrices and further details of the procedure for calculating the loop-level masses in the appendix.
In SARAH/SPheno there are currently two possibilities to take the derivatives: one can numerically calculate the derivative of the entire potential; or one can take the derivative of the potential with respect to the masses analytically and numerically evaluate the derivatives of the masses and couplings with respect to the VEVs. Since the contributions to the two-loop Higgs mass for the NMSSM presented below are new there are no extant codes or calculations with which to compare the full results, and so we have compared the results for the two different methods to ensure that there was agreement. In addition, there is a third possible method of calculation based on a fully analytical diagrammatic approach to the Higgs mass calculation which will be presented elsewhere [48] , which has been implemented in SARAH/SPheno and will be made available in a future release.
Since this is a rather independent calculation that does not rely on computing the effective potential itself the comparison with the other two methods is a non-trivial check; we have performed this and found excellent agreement. 
A sum over all possible flavour combinations is assumed, but all CP and charge violating diagrams are not considered.
The calculation of V (2) eff is performed in the gaugeless limit and includes all possible two-loop corrections except those involving the electroweak gauge couplings g 1 and g 2 . We list the corresponding diagrams in Figs. 1-3 . The corrections of O(α S (α t + α b )) stemming from the diagrams in Fig. 1 had already been calculated in the context of the NMSSM [17] and the perfect agreement between the results obtained by SARAH/SPheno and those of Ref. [17] was shown in Ref. [25] . The classes of diagrams shown in Fig. 2 have so far only been calculated in the MSSM [33] [34] [35] [36] [37] but not in the NMSSM. Finally, contributions similar to Fig. 3 are completely absent in the MSSM in the limit g 1 = g 2 = 0 but are present in the NMSSM, so these represent a novel contribution.
III. NUMERICAL RESULTS

A. Numerical setup
For the numerical analysis we generated with SARAH 4.4.0 the Fortran code for SPheno which was compiled with SPheno 3.3.3. We applied by hand a few changes to that code to turn on/off different two-loop contributions individually. In addition, we included for comparison the α S (α t + α b ) corrections from the NMSSM of Ref. [17] as well as the MSSM corrections of Refs. [33] [34] [35] [36] [37] for all other contributions. All parameter scans have been performed with SSP [49] .
B. Heavy singlet case with moderate λ
To test the importance of the two-loop corrections beyond O(α s (α t + α b )) we start with a parameter point in the constrained NMSSM. In this constrained setup, universal boundary conditions at the GUT scale are assumed: The results for the Higgs masses for this point at different loop level and with different loop corrections are summarised in Tab I. Note that it is in this case the second neutral scalar h 2 that is predominantly singlet in this case (about 96%); we find at two loops
In this case the mass of the mostly singlet scalar is of the order of 200 GeV, yet it does not mix substantially with the lightest Higgs state -justifying this point as being labelled "heavy". The general picture of the importance of the loop corrections is also confirmed when we vary λ and κ as shown in Fig. 5 .
In general, the additional corrections are small compared to the interactions involving the strong interaction: for the above parameters the size of these corrections is 10%-20% of the size of the α s corrections and dominated by the MSSM-like contributions. This also explains the very moderate dependence of the overall size of these corrections on the NMSSM specific parameters λ and κ. and have interesting phenomenological consequences [51, 52] . We consider in the following the The corresponding masses are shown in Tab. II. Again we find that the MSSM-heavy-Higgs-like state is the heaviest of the three neutral scalars, with the mostly-singlet neutral scalar having a mass of order 700 GeV. We see that for this point all two-loop shifts to the lightest Higgs mass have the same sign, thus the NMSSM-specific corrections at some point dominate the ones of the MSSM. This is depicted in Fig. 7 where the light Higgs mass for a variation of λ is shown: for 
D. Light singlet case
We have seen that in the case of a heavy singlet the additional two-loop contributions to the ones involving the strong interaction are MSSM-like. We discuss now the effects if a light singlet is present. For this purpose we consider the benchmark point BMP-A of Ref. [53] 
We give in Tab.III the values for the three scalar masses at the different loop levels. One sees here that in general the loop corrections to the SM-like Higgs, which is the second mass eigenstate, are less important than in the case of a heavy singlet because of the already enhanced tree-level mass.
However, the interesting feature is that the one-and two-loop corrections can be of similar size and the most important corrections are the two-loop parts discussed here for the first time. To find a better understanding of the different effect, we depict the masses at tree-, one-loop and two-loop level for a variation of λ in Fig. 9 . One can see a very strong dependence of both masses on λ which is however mainly caused by tree-level effects as indicated by the dotted line in Finally, we comment again on the approximation of using the known two-loop Yukawa corrections of the MSSM to the upper 2 × 2 block of the scalar mass matrix. While, as we have shown above, this can sometimes be a good approximation for a MSSM-like state for moderate λ, we found in the previous subsections that this fails for larger λ. Another situation where this approximation gives wrong results is the case of light singlets as shown in Fig. 11 . reduce the mixing between the doublets and singlet, the incomplete calculation predicts a mixing that is too large, which reduces the lighter mass eigenstate.
IV. DISCUSSION
We have examined the impact of the dominant two-loop corrections beyond O(α S (α t + α b )) in the NMSSM. The previously best approach was to use the O(α S (α t + α b )) routines for the NMSSM of [17] and add the MSSM contributions for O((α t + α b + α τ ) 2 ). We have found, as could be expected, that for small λ this is a good approximation. It should also not be a surprise that it is a poor approximation when there is significant mixing between the singlet and the MSSM-like states, with an error of approximately 2 GeV. On the other hand, we found that the approximation works up to somewhat large values of λ when the singlet was heavier than the standard-model-like
Higgs, although for λ above around 1.5 the full contribution has a different sign to the previous best approximation and so the correct result differs by a few GeV. To examine this more closely, let us consider the one-loop approximation for the Higgs mass including the stop corrections and leading λ 4 contributions (from singlet scalars and Higgsinos) in the decoupling limit of the effective potential approximation:
We see at one loop:
1. As is well-known, for small tan β the tree-level mass is larger than in the MSSM, reducing the impact of radiative corrections.
2. The contributions from the singlet will typically be smaller than those of the stops unless we have a large λ, or m φsφs much larger than the stop mass.
3. Moreover, to obtain a substantial contribution from the singlets requires a large splitting between the singlet mass and the Higgsino mass µ eff . Now, in the NMSSM (respecting a Z 3 symmetry) it is difficult to obtain a large value for the physical singlet mass, and moreover to split it from the Higgsinos. To see this, consider the large v s limit of the potential, where
This yields
However,
We find that for a stable vacuum we require A 2 κ 9m 2 S and therefore
Hence to obtain a large hierarchy between the singlets and the singlino is not possible at tree level.
There is also a similar contribution proportional to v 2 λ 4 from the heavy Higgs and the higgsinos, which then requires a hierarchy between the heavy higgs and µ eff , which is similarly constrained.
We therefore expect these observations for the heavy singlet limit to apply roughly at two loops, because the supersymmetric mass for the singlet is of the same order as the supersymmetry-breaking contribution.
In summary, we have examined the full two-loop corrections to the Higgs masses (calculated in and SARAH includes several additional singlet extensions in addition to the NMSSM.
ACKNOWLEDGMENTS
We would like to thank P. Slavich for many helpful and illuminating discussions.
Appendix A: Higgs sector of the NMSSM
Minimum Conditions of the Vacuum
At tree level, the tadpole equations (the minimum conditions for the vacuum) are given by
All parameters in these equations are taken to be running DR [54] parameters at the renormalisation scale Q. In this context the VEVs v d and v u are derived from the running Z-boson mass m Z (Q) of the Z-boson. For more details of this approach we refer to Ref. [55] .
The tadpole equations receive finite corrections at loop level. We calculate the one-and two-loop shifts denoted as δt
(1) i and δt (2) i , and demand that the sum of all orders vanishes
The calculation of the corrections at one-loop is discussed in detail in Ref. [18] . Details about the two-loop contributions are given in the text in sec. II B.
In our analysis we solve eqs. (A5) for the soft SUSY breaking masses of the Higgs doublets and the singlet: m 2
, m 2 Hu , and m 2 S .
Masses of the Higgs bosons
a. Tree-level scalar masses
The tree-level mass matrices for the CP-even Higgs bosons bosons are calculated from the scalar potential via
with i, j = 1, 2, 3 = u, d, s. The matrix is symmetric and the entries read
This matrix is diagonalised by a rotation matrix Z H and the relation
holds. The three eigenvalues of m Similarly, the mass matrix of the CP even states is calculated via
and one finds
with gauge-fixing contributions given by
The pseudo-scalar mass matrix is diagonalised by Z A :
At the minimum of the tree-level potential one eigenvalue of this matrix, that of the would-be Goldstone boson, is given by ξM Z which yields a massless state in Landau gauge. However, this would cause problems when calculating the two-loop corrections because the derivatives of some loop integrals diverge for vanishing masses [56, 57] . This problem is not present in the MSSM when working in the gaugeless limit (i.e. taking g 1 = g 2 = 0) because all derivatives of the Goldstone masses with respect of the VEVs vanish. However, this is not generally the case, and is certainly not true for the NMSSM. Here we can make the preliminary rotation to isolate the would-be Goldstone boson G 0 :
with tan β = v u /v d min (i.e. the ratio evaluated at the minimum of the potential). We can substitute this into equations (A10) and, when applying the tadpole equations (A2 -A4), find ξM Z for the mass of G 0 . However, when we do not apply the tadpole equations, but take the derivatives of the Goldstone mass with respect to the VEVs we find non-zero values, for example the non-zero second derivatives in the gaugeless limit are 
These clearly never all vanish unless λ = 0.
However, in our approach, we solve the tadpole equations above for the minimum of the full tree-level potential, and then calculate the masses of the scalars and pseudo-scalars in the gaugeless limit. In this way, we find that the "mass" of the (now genuine) Goldstone boson, given by ∂ 2 V ∂(G 0 ) 2 , is non-zero. We find (in the Landau gauge)
which is always tachyonic, as we expect -since it signifies that we are working away from the 'true' minimum. In this way, by ensuring that the loop functions are evaluated correctly for tachyonic mass-squareds, we avoid the problem of massless scalars and thus avoid the problems of the "Goldstone boson catastrophe" [56, 57] , since in this case the Goldstone-boson mass entering into the loop functions does not vary with renormalisation scale (except for the small variation induced by corrections to M Z ). We stress that this solution is a valid and correct procedure when working in the gaugeless limit -but only in that limit, so that if we took g 1 , g 2 non-zero then we would have to solve the problem by other means.
c. Loop-level scalar masses
We have given above our conventions for the tree-level mass matrices for the neutral scalar and pseudo-scalar bosons; for the conventions of all other matrices we refer again to Ref. [18] . This reference contains also the full expressions for the one-loop self-energies Π
hh (p 2 ) contributing to the CP-even mass matrix at the one-loop level. The focus of this work is on the corrections at the two-loop level Π 
where
hh (0)
Here,m 2 h,T is the tree-level mass matrix from eq. (A6). Equation (A16) must be solved for each eigenvalue p 2 = m 2 i .
